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Abstract
In recent experiments the interaction between ultracold Rydberg atoms of Lithium
and trapped Yb+ have been measured [Ewa19] and simulated with a classical model
ignoring the effect of van der Waals interactions. In this thesis we have developed a
model which treats the excitation of atoms to Rydberg state quantum mechanically and
the spatial dynamics using molecular dynamics. With this model we have investigated
the effect of van der Waals interactions and collective excitation processes in the spatial
distribution of Rydberg states. We have shown that for typical experimental 6 Li atomic
densities the effect of van der Waals interactions is negligible when exciting the atoms
to Rydberg 24S state. However increasing atomic densities by a factor of ten or exciting
atoms to higher Rydberg states lead to strong changes in the Rydberg amplitude of
the atoms excited off-resonantly. We have found that a strong dependence on the ratio
Ω/∆ on the spatial distribution, number and excitation probability of Li 24S states. We
could explain these results using the concept of facilitated off-resonant excitation due
to interaction between the ion and the atoms and also by considering the role of multiphoton excitation processes. Finally with our semiclassical model we we have been
able to calculate collision times and collision probabilities for different laser coupling
strengths. From these results we have proposed a model to calculate ion-loss due to
collision with Rydberg atoms, and used it to calculate the ion-loss spectra. We end
this report by comparing the simulated spectra with measurements reported by Ewald
et. al [Ewa19].
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CHAPTER

Introduction
Recent decades have seen huge advances in achieving control over the quantum degrees
of freedom of individual particles. These developments are not only of great importance
to fundamental physics [Saf18], they also form the basis for novel technology that is based
on the laws of quantum physics 1 . In atomic physics, quantum systems of ultracold atoms
and trapped ions and have been used to build quantum simulators [SPS12; Ber17; Hau12;
HQ18; Zha17] as well as small-sized quantum computers, see e.g. [HRB08; PA14; Lin17;
MK13; Deb16].
In this report, we will do a numerical study of a new quantum system, that is created out
of a mixture of ultracold atoms that are excited to Rydberg states and a trapped ion. This
system combines two of the prime atomic physics platforms employed in building quantum
technology. Furthermore it exploits the enhanced long-range interaction between Rydberg
atoms which allow the study of exotic phenomena of many-body and impurity physics, e.g.
the formation of many-particle bound complexes resembling the basic shell structures used
to describe atoms and nuclei [Sou19].
The study is inspired by two recent proposals [Sec17; Sec16] from the group of Rene
Gerritsma, in which it was suggested to merge Rydberg atoms and trapped ions to reap the
benefits of each system, as well as recent proof-of-principle experimental implementations
of interacting Rydberg atoms and ions [Eng18; Ewa19; Haz19]. These works focused on
understanding the interactions between the Rydberg atoms and the ion, but neglected the
weaker interaction between the Rydberg state atoms. In the following analysis, we will
consider the effect of these interactions and of the collective excitation of Rydberg states. In
particular, we have investigated whether a single trapped ion may be used as a nucleation
center for the creation of Rydberg atoms in analogy to observed facilitation of Rydberg
excitation in purely neutral systems [Mar17; Ate07; Amt10; You18]. We show that in the
parameter regimes accessible in [Ewa19] the Rydberg-Rydberg interactions play no role, but
they may be observed at higher densities, higher lying Rydberg states or for other atomic
species. Finally, strategies for detecting in an experiment the interactions and collective
behavior will be discussed.
1 https://qt.eu/
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CHAPTER 1. INTRODUCTION

Figure 1.1:

Left: Shell structure induced by excitation of a Rydberg impurity in a Fermi Sea
[Sou19]. The Rydberg electron (brown) induces a bounding potential to the atoms of the Fermi
sea (green). Right: a) Trapped ion (red) interacting with an atom coupled to a Rydberg state. b)
The position dependent Stark shift can be used to entangle the motion of the ion with states of the
atom [Sec16].

1.1

Goals and outline of thesis

This report is organized as follows: we will start in Chapter 1 with a theoretical description of the hybrid system of (ultra-) cold 6Li atoms and 174Yb+ ions. In particular we will
discuss the different electrostatics interactions between particles in this system and the collective excitation processes of Rydberg atoms. In Chapter 2 we will provide a description of
the numerical methods and the model used to simulate the excitation of Rydberg atoms in
presence of a co-trapped ion. We will consider the quantum mechanical aspect of the formation of Rydberg states by solving numerically the time-dependent Schrödinger equation and
using the Monte-Carlo wavefunction method and will implement a novel method for Hilbert
space reduction to the simulations tractable for large number of atoms. In Chapter 3 we will
expand our model to include spatial dynamics and Rydberg atom-ion collisions taking into
account the effect of the Paul trap. This will be done by combining the model developed in
chapter with classical molecular dynamics to calculate trajectories in our system.

CHAPTER

Theoretical background
2.1

An ionic impurity in a sea of cold Li atoms

We start by introducing some general aspects of the two ultracold systems studied in
this experiments. The first of them consists of an ensemble 6Li atoms confined by optical
fields of an optical dipole trap. This ensemble of atoms can be macroscopically characterized
by its temperature (T), density (ρLi ) and spatial distribution (σ(~r)). Also important for
this study are the electrostatics properties of the 6Li and its Rydberg states, which will be
discussed in dedicate Section 2.2

Figure 2.1: An ion confined in an harmonic trap interacting with surrounding ultra-cold atoms
The second component in our system consists of individual ion(s) trapped by oscillating
electric fields of a Paul Trap. In particular, 174Yb+ ion(s) are trapped and overlapped with
the 6Li atom ensemble. Ytterbium has been chosen in these experiments mainly due to the
high mass ratio Yb/Li, which favors cooling of ions with atoms and limits ion loss due to
collision[Für18; Für19; Tom19]. Besides the charge and mass of the ion, which defines the
electric fields needed for confinement [Pau90], we will ignore the internal state, structures
and other properties of the ion. For this second subsystem we will be more interested in the
description of the electric fields of the Paul trap which will directly affect the dynamics and
excitation of the ensemble of atoms.
3
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Cold 6Li atoms
Ultra-cold gases of 6Li are prepared routinely by many research groups, using spin mixtures to help achieve ultra-cold temperatures around one tenth of the Fermi temperature
TF or even lower [Del15; Bur14] where quantum mechanics dominates. Although some of
this atomic gases in the quantum regime have been combined with trap ions (Figure 2.2),
the interactions between the two species were purely classical. Only recently interactions in
the quantum regime have been detected [Fel19]. Therefore, in this project we will focus on
a system with atomic temperatures of a few µK and the densities are in the order of 1016
m−3 which are simpler to reach in our experiments. At this conditions, the thermal de−1/3
Broglie wavelength (ΛdB ) is much smaller than interatomic spacing ρLi , i.e. ρLi Λ3dB  1,
therefore the gas of atoms can be considered classical. This is also advantageous, as the
treatment of quantum interactions between atoms and ions is too complex to be included
in our simulations.
(b)
(a)
100

1016 ρ [atoms/m3 ]
101

ΛdB

4
ΛdB , rLi-Li [µm]

102

rLi-Li

3
2
1

10−1

100
T [µK]

101

a) Thermodynamic regime of atomic gases (χ = ρLi Λ3dB ) used in atom-ion experiments: Li experiments (red) of i) Denschlag [Haz19], ii) Gerritsma [Ewa19], iii) Mukaiyama [Sai17],
and 87Rb experiments of iv) Meinert [Eng18], v) Oezeri [Mei16], vi) Köhl [Rat12]. b) deBroglie
wavelength and interatomic spacing for different 6Li cloud densities and temperatures

Figure 2.2:
6

Trapped ions
Ions of 174Yb+ are typically trapped by a linear quadrupole Paul traps. A pair of
radiofrequency and DC electrodes are used to create a dynamic electric field responsible
for the confinement of the ions in the radial (perpendicular to the electrodes) direction.
Two additional end-cap electrodes provide axial confinement through a harmonic trapping
field generated by a DC voltage. The time-dependant electric potential experienced by a
monocharged ion, with mass mI and at a position ~r inside this trap is:
Φ(~r, t) =

mI ωz2 X
qx mI Ω2rf X
αi ri2 +
βi ri2 cos(Ωrf t)
2e i=x,y,z
4e
i=x,y,z

(2.1)

where ωz , Ωrf are the axial confinement and the rf frequencies, αi , βi parameters dependent
on the trap geometry and qx a stability parameter dependent on the rf voltages, frequencies
and the mass and charge of the ion. The electric field of the trap is then given by:

5
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~ PT
E

 

x −ωz2 + qΩ2rf cos(Ωrf t)

~ r, t) = mI 
= ∇Φ(~
y −ωz2 − qΩ2rf cos(Ωrf t) 
2e
2
z 2ωz

(2.2)

where we have used the geometry parameters 2αx = 2αy = −αz = −1; βx = −βy = 1; βz =
0.
The equations of motion of a single ion can be obtained by solving a set of uncoupled
Mathieu equations [Ber98], whose solution results in an oscillatory movement of the ion at a
low and a high frequency. q
The low frequency oscillation is called secular motion and oscillates

at frequencies ωi ≈ 21 Ωrf αi + 12 qi2 , i ∈ {x, y, z} whereas the intrinsic micromotion (high
frequency) oscillates in phase with the rf field and has typically a much lower amplitude.
The approximate solution to the trajectories of an ion can be written as:
ri (t) ≈

(i)
ri



qi
cos(ωi t + φi ) 1 +
cos(Ωrf t)
2

(2.3)

To load and cool the ions into the center of the trap, Yb atoms are evaporated from
an oven and flown into the trap region. There they are photoionized through a two-photon
isotope-selective process and then Doppler cooled with a red-detuned laser. On average every
200th photon scattered leads to the population of a meta-stable, therefore an additional
repumping laser is used to return the ion to the cooling cycle. After cooling the ion is in
the electronic ground state and a temperature ∼ 600 µK [Fel19].

Figure 2.3: Simplified level diagram and transitions used to cool

2.2

174

Yb+ ions

Rydberg atoms

As mentioned in the introduction, one way to control the interaction in system with cold
atoms and ions is to exploit the properties of Rydberg atoms. They have been mostly used
on cold alkali atomic systems which, due to the simple the electronic structure of alkali
atoms, which allows not only efficient schemes for laser cooling of trapping of their ground
states, but also simplifies electronic structure calculations of the atoms. From the other
amenable atomic species for laser cooling, only strontium and holnium has been used so far

6
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Table 2.1: Scaling laws of Rydberg atoms in terms of the effective quantum number n?
Property
Level spacing
Orbit radius
Polarizability
Spontaneous decay
Transition dipole moment
van der Waals coefficient
†

Expression
En? − En? +1

hri = 21 3(n? )2 − `(` + 1)
α
τ = τ ∗ (n? )3
hnP |er|(n + 1)Si
C6

Scaling, (n? )x
(n? )−3
(n? )2
(n? )7
(n? )3
(n? )−2
(n? )11

n? = n + δ(n, `, j)

in ultra-cold Rydberg gases experiments [Muk11; Mil11; Hos15]. Therefore we will focus
the next paragraphs mostly to the discussion of Rydberg properties of alkaline atoms.

Rydberg states properties
For alkaline atoms, the properties of Rydberg states are mostly dominated by the singly
excited electron. This electron is weakly bound and experiences only a effective nuclear
charge from the nucleus and the inner closed shell electrons, which make Rydberg states of
alkaline species resemble the excited states of hydrogen. As a consequence of the loosely
bound electron, the electrostatic properties of Rydberg atoms are largely enlarged in comparison to ground state atoms, showing some strong scaling with respect to its principal
quantum number, n (Table 2.1) [Löw12]. The most remarkable properties which make these
species so interesting for cold atom experiments are their large orbital sizes, high transition
dipole moments between Rydberg states and long lifetimes. Induced dipole interactions,
i.e. van der Waals interactions, which are related to the polarizabilities, are few orders of
magnitude stronger than in the atomic ground state. This allow, between others, to observe few and many-body phenomena at large interatomic distances as we will discuss later.
Furthermore their strong interaction with electric fields makes them very sensitive probes
and had allowed the study of interactions with even single photons. The deviation from an
exact hydrogen-like behavior caused by the additional core electrons of alkali species can
be phenomenologically taken into account a parameter called the quantum defect, δ(n, `, j),
which depends on the three quantum numbers (n, `, j) of the excited electron. This allows
to write the Rydberg formula for the energy of excited atom as:
E(n, `, j) = −

Ry
1
1 + me /mnucleus (n − δ(n, `, j))2

(2.4)

where Ry is the Rydberg constant. Values of δ(n, `, j) can be easily found in literature or
calculated [Šib17; Gal94].

Interaction of Rydberg atoms
Interacting Rydberg atoms experience shifts in their energy levels due to induced polarization of their electronic density. This interaction and the forces originated from it is what
is known as van der Waals interactions (forces) at large distances and resonant multipole
interaction for distances below de van der Waals radius. A simple method to calculate the
energy shift between two interacting Rydberg atoms in a state ψA , via pertubation theory

7
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[Rei07; Sin05]. The method can be applied for distances where no overlap between the
atomic wavefunctions occurs, that is the distance has to be larger than the Le Roy radius
1/2
[Le 74]: RLR = hψA | r2 |ψA i . Furthermore, the interaction energy has to be smaller than
the level spacing of unperturbed Rydberg states or and state-mixing due to the interaction
should be negligible [Web17]. Still in many cases the method remains accurate enough for
the desired application.
For Rydberg states with angular momentum ` 6= 0, energy shifts can be calculated in a
first order approximation. However for atoms in Rydberg S state (` = 0) energy shifts are
only obtainable out of calculations using second order perturbation theory:
(2)

∆EA−A = −

X X hψB | ⊗ hψC | V̂int |ψA i ⊗ |ψA i
B

C

(EB − EA ) + (EC − EA )

2

(2.5)

where V̂int is the electrostatic interaction operator and the sum is over all states ψB,C that
are coupled tp ψA via this interaction. This operator can be expressed as an expansion
of multipole operators. In absence of external electric fields and at the (long) interatomic
distances typical of cold atom experiments, it is sufficient to truncate the operator to the
first term, the dipole-dipole operator V̂dd :
V̂ =



1
ˆA · dˆB − 3(dˆA · r̂)(dˆB · r̂)
d
4π0 R3

(2.6)

with R the interatomic distance, r̂ the unit vector in the interatomic axis and dˆA,B the dipole
moment operators. This simplifies the summation as the only states with a appreciable
coupling to ψA are the ones for which ∆` = ±1 and the energy shift will be dominated by
the state(s) close in energy to ψA . However, in the presence of additional electric fields,
higher order multipole interactions might need to be taken into account or coupling to
additional states, as we will discuss in section 2.1.
By inserting equation 2.6 in equation 2.5 we see that the energy shift can be written
(2)
as ∆EA−A ≈ C6 /R6 , where C6 is a proportionality constant known as the van der Waals
constant. The value of this constant can be then obtained by using this expression to fit the
asymptote of the change of interaction energy in function of the distance R [Šib17; Web17;
Sin05]. Finally from the the scaling laws (Table 2.1) for the atomic size, dipole moment
and energy we can observe that the van der Waals coefficient shows an scaling of (n∗ )11 ,
confirming the huge increase of interaction force in comparison to ground state atoms.

Production of Rydberg states
Excitation of an atom to Rydberg state can occur via a single-photon process from the
ground state typically with an UV laser, or via a two-step scheme through an intermediate
state using two different excitation lasers. The detuning of the intermediate state (δ) is
typically high to avoid the population of this state. Also, the Rabi frequency of the lower
transition (ω) is often much lower than the corresponding to the Rydberg excitation (Ω) and
the decay rate Γi of the intermediate level |ii is much larger than ω, Γi  ω, which prompts
a fast population of the Rydberg state. For the case of an excitation pulse much larger
than Γ−1
i , the system can be treated as an effective two-level system with Rabi frequency
Ωeff = ωΩ/(2δ) and excitation rate:

8
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Figure 2.4: Two-photon excitation of Rydberg atoms. Ω, ∆ and ω, δ are the transition frequencies
and detunings for the Rydberg and intermediate state and Ωeff is the effective two-photon Rabi
frequency


Ṗr (t) = γe 1 − Pr (t) − γd Pr (t)

(2.7)

where Pr (t) corresponds to the Rydberg state population and γe and γd are the excitation
and deexcitation rates respectively. The solution of this equation is:


Pr (t, ∆) = P∞ (∆) 1 − e



γ(∆)t
∞ (∆)

−P



(2.8)

The formation of Rydberg atoms in cold gases can lead to few and many-body processes
when the interaction energy (EI ) between atoms is comparable or larger the thermal kinetic
energy of the system and when the interaction distance is comparable to the interatomic
spacing. The type of interaction will depend on the nature of the other atomic species
present in the system. For example if another Rydberg atoms are present strong van der
Waals or dipole-dipole interactions can occur. If ions or an atom with dipole moment occur,
then ion-dipole or dipole-induced dipole interactions can be observed. This interactions will
induce, in particular, energy shifts of the electronic states of Rydberg atoms. This manybody processes are not limited to ultracold or degenerate systems,as a new energy scale
emerges due to these strong interactions, which allows to observe this phenomena even in
thermal gases [Bal13].
When exciting atoms resonantly, this energy shift can lead to the phenomena of Rydberg
blockade, in which the excitation of atoms is suppressed [Luk01; Löw12]. To understand
this mechanism lets consider a pair of nearby atoms coherently excited to a Rydberg state
(Figure 2.5). The interaction energy between the Rydberg atoms will lead to a energy shift
of the doubly excited state. If this energy shift is stronger than the laser (Rabi) coupling
(Ω) and the laser bandwidth (ΓL ), the generation of the doubly excited state is suppressed.
This supression of excitation is known as Rydberg blockade [Luk01; Löw12]. This picture of
pair interaction has to be extended to consider the many body aspect of the excitation to be
accurate in the case of high atomic densities. In that case, the excitation has to be analyzed
by considering an ensemble of Nb atoms within a distance known as blockade radius, which
are excited to a collective state |Ψe i over which the excitation is spread (Figure 2.6).
For off-resonant excitation, the energy shift due to interaction with other atoms or species
(e.g. an ion) can match the laser detuning ∆, such that atoms become resonant resulting in

9
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(a)

(b)

Figure 2.5: a) Rydberg blockade for a pair of atoms and b) Facilitation due to interaction with
an ion or a second atom. The shift of the energy level |ei compensates the laser detuning ∆

an enhancement of the Rydberg amplitude. Because of this enhancement, this phenomena
has come to be known as anti-blockade or facilitation [Ate07; Amt10; You18].

1
Figure 2.6:

Left: In a non-interacting, single-particle picture, the probability of excitating an
atom to Rydberg state is independent of the state of the other atoms and oscillates with a frequncy
Ω. Right: Interacting atoms form collective states within a blockade distance and containing Nb .
The total√Rydberg amplitude within this collective state is reduced and its oscillation increased by
a factor Nb

Interaction between Rydberg atoms, ions and electric fields
To study our system, we need to analyze the interactions between the species present,
in particular (long) range electrostactic interactions. Consider two Rydberg atoms in an S
(` = 0) and an ion in absence of any additional external field, as depicted in Figure 2.7.

10
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For distances larger than the Ingler-Teller limit [IT39], where no state mixing occurs, the
interaction UIR between the ion and a Rydberg atoms is charge-induced dipole interaction:
C4
α~
~
UIR = − E
Ion (R) · EIon (R) =
2
R4

(2.9)

~ Ion (R) is the electric field due
where α is the static polarizability of the Rydberg atom, E
to the ion at the position of the Rydberg atom. This interaction is always attractive for S
states due to their positive polarizability. For repulsive interactions states with ` > 0 have
to be used. In the case of isolated Rydberg atoms, only van der Waals or resonant dipole will
occur, but in the presence of the ion (or some other external electric field), induced dipoledipole interactions with a R−3 distance scaling will also be present [MS96]. This could
potentially be higher in magnitude than van der Waals interaction, but for the interatomic
distances present in our experiments, this interaction is weak and can be discarded (Figure
2.7). Higher multipole dispersion can also be present [Jon13] but their strengths are also
very small [KT18].
(b)

(a)
Li+
Li+
-

Yb+

Figure 2.7:

a) Main interactions in our system indicated by thick wavy lines and their corresponding scaling with distance, b) Comparison of induced-induced dipole (UID-ID ) and van der
Waals interactions (UvdW ) of a Li 24S atom for typical interatomic spacing in our system (d ∼ 3µm)

CHAPTER

Quantum treatment of
many-body facilitation
Because of the long-range character and strength of Rydberg interactions, Rydberg atoms
in ultra-cold systems cannot be treated as isolated entities and their collective behavior has
to be taken into account. This collective or many-body behavior is particularly important
when calculating the evolution of the electronic state of the atoms and the system. The
focus of this chapter will be the modelling and study of the collective excitation dynamics
of Rydberg atoms in presence of an ionic impurity. We will solve numerically the timedependent Schrödinger equation and use the Monte Carlo wavefunction method to take into
account decay and dephasing in our system. Finally we will present a method to reduce the
size of the electronic Hilbert space to deal with the large number of atoms in our system.

3.1

System states and Hamiltonian

To take into account the collective electronic behavior of the atoms, we can build manybody states ΨMB describing the system and which exist in an electronic Hilbert space (He )
(i)
consisting of the manifold of the all excited states of {ψe } and the system ground state ψg .
Each state of this Hilbert space is a product state of the individual non-interacting atomic
states (φj ):
ψα =

n
O

(3.1)

φj

j=1


where the atomic state can be either the ground or Rydberg atomic state, i.e. φj ∈ |ri , |gi .
Finally the state describing the complete system can be then expressed as an expansion in
this complete basis set of states:
ΨMB = cg × ψg +

n
X

c(i) × ψe(i)

(3.2)

i=1
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We can build conveniently the electronic Hamiltonian of the system in the interaction
picture and using the rotary wave approximation:
(j) (i)

ĤInt =

X (i)
X
X σ̂ee σ̂ee

~∆ X (i)
(i)
(i)
+
V̂ext
σ̂z + ~Ω
σ̂eg
+ σ̂ge
+ C6
6
2 i
rij
i
i

(3.3)

i6=j

where C6 is the van der Waals coefficient, and αr the static polarizabilty of the Rydberg
state. The terms in this Hamiltonian represent (in order of appearance)the laser detuning
(∆) with respect to the atomic transition, the coupling between ground and Rydberg states
due to the laser field (with Rabi frequency Ω), the interaction potential between Rydberg
states and the external electric fields (V̂ext ) and the van der Waals interaction between
Rydberg states. Only the most important electrostatic interactions are taken into account,
i.e. we discard interactions involving the ground state of the atoms due to their much lower
polarizabilities and weaker van der Waals interactions. Furthermore we ignore the effect
of the ion and Paul trap electric field on the interaction between atoms, as discussed early
in section 2.2. We have to consider both the electric fields of the ion and the Paul trap,
therefore the interaction potential between an atom and the total field becomes:
2
αr (i)
αr (i) 2
σ̂ee Êtot = − σ̂ee
ÊPT + Êion
(3.4)
2
2
This is a hermitian operator (eq. 3.3) which describes the unitary time evolution of the
system interacting with a classic light field. However if we want to have a more accurate
picture of our system, we need to take into account the coupling of the system with the
environment, which will lead to dissipative effects which can modify the dynamics [SGE14;
Mal14; Sch14].
(i)

V̂ext = −

Decoherence of evolution
Table 3.1: Decay and dephasing rates for 24S and 50S states
Rate
Γeff = Γs *+ ΓBB *
−1 †
γint = τint
§
γFT
γeff = γFT + γint
*
†
§

6

Li 24S
40 kHz
0
50 kHz
50 kHz

6

Li 50S
8.5 kHz
0
50 kHz
50 kHz

Source
[Šib17]
[Šib17]

Spontaneous (Γs ) and black-body radiation (ΓBB ) induced decay rates
Lifetime of intermediate state (τint )
Fourier-broadened linewidth for a pulse length of 20 µs

The interaction of the system with the environment leads to loss of coherence [Car93],
mainly due to decay of the excited states or dephasing of the atomic coherences during
the time evolution. For Rydberg states, the main mechanisms of decay are spontaneous
relaxation by photon emission to the vacuum or decay induced by black-body radiation.
Dephasing can be either homogenous or inhomogeneous, depending if all atoms are affected
equivalently or not. Fluctuations of the laser frequency due to its finite linewidth or scattering of photons from an intermediate state involved in the dynamics are examples of
homogeneous dephasing. Doppler shifts of individual atoms or a space or time-dependent
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speckle of the laser light are, for the contrary, sources of inhomogeneous dephasing. In our
simulations, we have assumed that sources of inhomogeneous dephasing can be neglected
due to the low atomic temperatures and absences of speckle in the laser light. The effective
decay (Γeff ) and dephasing (γeff ) rates for the studied Rydberg states are show in Table 3.1.

3.2

Methods to solve time-evolution of system

The evolution of the system under the influence of eq. 3.3 can be obtained by simply
solving the time dependant Schrödinger equation:
i~

d
ΨMB (t) = ĤInt ΨMB (t)
dt

(3.5)

This is only possible if we ignore the coupling of the system to the environment, for
example if we are only concerned on the evolution of the system for time scales much
shorter than the decoherence times of the processes discussed in previous section. For other
situations where this effects are relevant, the system can be better described by a density
matrix (ρ) whose evolution is governed by a master equation:
 X
i
1 † ˆ
1 † ˆ 
d
†
ρ = − Ĥint , ρ +
Jˆm ρ Jˆm
− Jˆm
Jm ρ − ρ Jˆm
Jm
dt
~
2
2
m

(3.6)

where Jˆm are Jump operators which describe the relevant incoherent processes, for example
the operators for decay (JˆΓ ) and dephasing of atom coherences (Jˆγ ) are:

JˆΓ =

n
X

(i)
σ̂ge

p
Γeff

i=1

Jˆγ =

n
X

(i)
σ̂ee

i=1

r

γeff
2

Although the derivation of the master equation (eq. 3.6) is not the concern of this
thesis (for that we refer the reader to the original proposals [Aga69; Aga70; Car93]), we
are interested on efficiently solving this equation. For this purpose we can make use of the
Monte Carlo wavefunction technique described in next section.

Monte-carlo wavefunction method
The Monte-Carlo wavefunction method, also known as quantum trajectories method,
provides means to solve numerically master equations in Lindbladian form [MCD93; PK98;
Dal14; DCM92]. The dissipative dynamics of the system are calculated as the stochastic
average over individual trajectories of pure states [PK98], which describe the quantum
evolution of states defined by particular sequence of observed events (e.g. photon emission
of an excited state). The efficiency of this method resides on avoiding the need to propagate
2
the full density matrix with dimensions NH
(NH is the size of the Hilbert space of the
system) and instead using state vectors of size NH only, while still being able to account
for dissipation in the system. In the context of this method, eq. 3.6 can be rewritten as:
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 X

d
†
†
ρ = −i Ĥeff ρ − ρ Ĥeff
+
Jˆm ρJˆm
dt
m

(3.7)

where the effective Hamiltonian of the dissipative system is:
Ĥeff = Ĥint −

i~ X ˆ† ˆ
J Jm
2 m m

(3.8)

The calculation of one single trajectory of the system is described in algorithm 1. Here,
the coherent time evolution is calculated using Ĥeff , which is non-Hermitian and therefore
the time evolution does not preserve the norm of the state. The reduction of the norm of
the state can be intuitively thought as the probability of the system to perform a quantum
jump [MCD93]. Finally, to obtain the stochastic average representing the final state of the
system after a simulation time (tsim ), we calculate a large number N of these trajectories
and calculate their average.
Algorithm 1: Calculation of one quantum trajectory
Input: Initial state of system Ψ(t = 0)
Calculate the norm of the state ||Ψ(t)† Ψ(t)|| and draw a random number p ∈ [0,1)
If ||Ψ(t)† Ψ(t)|| < p, calculate a quantum jump on the state and normalize:
Ψ(t) →

Jˆm Ψ(t)
, where m ∈ {γ, Γ}
||Jˆm Ψ(t)||

Else, calculate the coherent time evolution under Ĥeff by solving the Schrödinger
equation for small time steps (δt):
i~

d
Ψ(t) = Ĥeff Ψ(t)
dt

Repeat for n steps, where tsim = n δt
Output: Final state of system Ψ(t = tsim )

There is however a caveat when taking only the linear term of the expansion of the
exponent, as this requires the term Ĥeff δt to be small. In particular, product of the time
step and the eigenvalues of the Hamiltonian (λm ) must be smaller than 1, i.e. λm δt < 1
[MCD93].

3.3

Implementation and algorithms

To simulate the time evolution of our system, an appropiate basis set has to be defined.
As discussed in the introduction of this chapter, we can define the basis states of the electronic Hilbert space (He ) as product states of individual atomic states (eq. 3.1). Each
atomic states is described by its spatial position and its internal electronic states. We will
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work with ∼ 102 up to ∼ 103 atoms in our simulations. This means that the size of any complete basis set of the total atomic ensemble exceeds any existing method to represent their
information in with current computational resources. Therefore, we have opted to divide He
(j)
in random subspaces He with fixed amount of atoms, such that representations of states
and operators in these subspaces will allow calculations in the available computer systems.
(j)
In our case, the maximum number of atoms in each He will be 16. We can now build every
subspace Hamiltonian (eq. 3.3) and jump operators (for the case of monte-carlo wavefunc(j)
tion calculations), calculate the time evolution of the ground state of every subspace, ψ0 .
The final state of the complete atomic ensemble (Ψ(t)) corresponds then to the sum of the
final states of every subspaces (ψ (j) (t)). These steps are summarized in the algorithm below:
Algorithm 2: Facilitation of Rydberg excitation
Input: Cloud (C ) of ground state atoms and ion coordinates
Divide C in n subsystems (<16 atoms) and define many-body ground state for each
subsystem j, ψ (j) (t = 0)
(j)

Calculate the laser-subsystem interaction Hamiltonian: ĤInt and jump operators
JˆΓ , Jˆγ
(j)

Calculate time evolution of each ψ (j) (t = 0) for t = tpulse with its respective ĤInt by
integration of the Schrödinger equation or using the Monte Carlo Wavefunction
Method
P
Output: Final state Ψ(t) = j ψ (j) (t) of atomic cloud
(j)

Partitioning of He leads to the fact that the dynamics of atoms in one subspace He
are not influenced by neither the dynamics or states of atoms in a different subspace. In
the next section we will discuss our approach on how compensate the effect of this second
caveat of our method. The discussion of corrections for the dynamics in other subspaces
will be left for a follow-up of this project.

Mean-field interaction
(j)

The van der Waals term of the interaction Hamiltonian of each subspace ĤInt ignores
van der Waals interactions with atoms in other subspaces. To improve this situation we can
(j)
calculate the interaction energy (ĤMF ) of each atomic state φk in the subspace He with
all other atomic states φm :
(k)

(k)
ĤMF = C6 σ̂ee

(m)
X σ̂ee
6
rkm
m

(3.9)

and therefore we can write a new interaction Hamiltonian:
(j)

(j)

ĤInt* = ĤInt +

X
k

(k)

(j)

ĤMF = ĤInt + C6

(m)
X σ̂ee
(k)
σ̂ee
6
rkm
k,m

(3.10)
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(k)

(m)

Notice that the mean field operator ĤMF takes into account the expectation value σee
for each atomic state φm . This last one remains constant during the time evolution of ψ (j)
(j)
under the action of ĤInt* .

3.4

Results

In this section we will discuss the outcome of simulations of many-body excitation of
atoms to Rydberg states in presence of an ion. To simplify the analysis, we will ignore the
electric field of the Paul trap, however this one will be taken into account when we calculate
the propagation in space and the ion loss rates in Chapter 4. Although the focus of this
section are the dynamics of excitation of 6Li 24S states, as this is the state relevant for
experiments, we will also include some additional results for other Rydberg states or atomic
species to complement our discussion. Additionally we will evaluate and discuss the effect
on the dynamics of some of the necessary simplifications we have done in our model. Finally,
to reduce the cost of the simulations we will use 2D atomic distributions inside a square
and we have made use of the symmetry of ionic potential to limit the size of the region in
space used in the simulations, e.g. by considering only a quadrant of space. This will lead
to boundary effects in the calculations which have to be considered during the analysis.

Effect of cluster size and sampling
One of the first simplifications in our simulations is to calculate the time-evolution of
subsystems instead of the entire atomic cloud. This is done with the purpose of limiting
the size of the Hilbert space in our calculations. The main consequence of this treatment is
that we ignore any interactions between atoms belonging to different subsystems as we have
discussed before. To identify the effects of these simplifications, we have considered different
number of atoms per subsystem and calculated the average atomic Rydberg probability in
the atomic cloud:
hσ̂ee i =

N
1 X D (i) E
σ̂
N i=1 ee

(3.11)

and the radial correlation function (g (2) (r)), which summarizes the spatial distribution of
Rydberg amplitude:
N

g (2) (r) =

1 X D (i) E
σ̂
δ(r − ri )
N (r) i=1 ee

(3.12)

where N (r) is the number of atoms at a radial distance r from the ion.
First, in Figure 3.1a we show the results for a simulation time of 20 µs where we plot
the time-evolution of hσ̂ee i and the final value of g (2) (r). We observe that the Rydberg
amplitude is in general lower for larger subsystem size. This effect is more significant at the
maximum of the average Rydberg amplitude, where the smallest partitioning of the cloud
(4 atoms) leads to a higher excitation probability. This difference is larger than the other
sources of variability present in the simulation, e.g. variability from the random sampling
of groups and from the random generation of atomic positions in the cloud (see appendix
Figure A.1a). We have confirmed this observation for a system of 16 atoms, for which the

17

3.4. RESULTS
(a)

(b)

Figure 3.1:

a) Average Rydberg probability and b) radial distribution function for different
subsystem sizes. Parameters of simulation ρ = 1013 m−2 , ∆ = 2 MHz, Ω = 1 MHz, tpulse = 20 µs

time-evolution can be calculated exactly (Figure A.1b). We can understand the results
by considering that as the subsystem gets smaller, less atoms can participate in collective
phenomena such as Rydberg blockade, and in addition the dynamics of excitation begin
to approach those of uninteracting and isolated atoms [Hei07]. Reduced blockade effects
and single atom dynamics lead to a higher resonant excitation probability per atom and
therefore to an overall higher maximum Rydberg amplitude for the smaller subsystems.
Second, in Figure 3.1b we can observe the spatial distribution of Rydberg atoms for
different subsystem sizes including the case of single-atom states. For all the cases studied,
the location of the maximum in the correlation function is approximately the same. But
their values are lower for the larger state sizes, due to the collective phenomena discussed
in previous paragraph. However for larger state sizes, the probability of finding a Rydberg
atom at much larger distances increases. At this distances atoms are strongly off-resonant,
and therefore single atom states excitation is strongly inhibited. But for many-atom states,
simultaneous multiple photon transitions can take place (Figure 3.2)

B

A

Figure 3.2: For the smallest case of a many-atom state, two atoms off-resonant with respect to the
laser frequency (ω 0 ) can be excited by a multiple photon process if their doubly excited Rydberg is
resonant with this multi-photon transition

As a conclusion, larger subsystem sizes allow to capture more accurately collective phenomena and multi-photon processes which reduces the maximum Rydberg atomic ampli-
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tudes for resonant excitation, but lead to an increment of them for the off-resonant resonants.

Effect of van der Waals interaction
Next we want to identify the effect of van der Waals interactions on the distribution of
excited states. We analyze first the case of a high density gas (ρ = 1013 m−2 ) and very low
detuning (∆ = 600 kHz), conditions where collective phenomena becomes more relevant
[Hon10]. In Figures 3.3 a and b we observe the spatial distribution of atoms excited to the
24S Rydberg state for an interacting and a non-interacting system, and in Figure 3.3c the
respective radial distribution functions. For distances above 6 µm, the excitation amplitude
drops towards zero for the system without van der Waals interactions but the amplitude
increases for at least two other more distances when interactions are taken into account.
These features can be assigned to off-resonant excitation of multiply excited states in a
step-wise process mediated by van der Waals interactions [Hon10; Sch14]. We will discuss
this process in Section 3.4.
(a)

(b)

(c)

Figure 3.3: Spatial distribution of Rydberg probability for a cloud with (a) and without (b) van der

Waals interactions and (c) corresponding radial correlation functions. Conditions: ρ = 1013 m−2 ,
∆ = 600 kHz, Ω = 1 MHz, tpulse = 10 µs

We can compare these results to systems with the typical densities found in experiments
of Rydberg cold gases [Gau16; Ewa19] and also for species with attractive van der Waals
interaction [Muk11], such as Strontium S states (Figure 3.4). We can still observe at these
densities the two main resonances found earlier for Li 24S, however enhanced excitation
features at longer distance are almost absent. In the case of Li 50S, multiple resonances
are observed for both interacting and non-interacting gas but for the interacting systems
these features appeared smeared out. This smearing can be explained by broadening of
the resonances due to van der Waals interactions, which in the case of Li 50S are about ∼
5000 times higher than for the 24S state. Dephasing of atomic coherences due to stronger
interactions have been also suggested [SGE14] to induce this type broadening, as dephasing
diminishes blockade effects. Furthermore, these strong interactions could explain as well the
additional resonance observed above 7.5 µm, which can be ascribed to facilitated excitation
[LG14].
Finally, we observe some strong differences for the only specie with attractive interactions
in this comparison, Sr 42S. An almost constant Rydberg amplitude is observed after the
onset just below 5 µm for the interacting in gas, while for the non-interacting case a double
resonance is observed. Due to the opposite sign and more than three orders of magnitude
higher interactions than those of Li 24S, facilitation of Rydberg excitation at distances
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larger than the resonance radius can be expected for strontium. Furthermore, facilitation
at larger distances is more favorable to occur because here the gradient of the ionic electric
potential is smaller.
(a)

(b)

(d)

(c)

(e)

(f)

Figure 3.4: Spatial distribution of Rydberg probability for a cloud of Li atoms excited to the states
24S (a) and 50S (b) and a cloud of Sr atoms excited to the 42S state (c). Corresponding gadial
correlations functions (d-f) showing the effect of van der Waals interaction on the distribution of
excitation. Conditions ρ = 1012 m−2 , ∆ = 600 kHz (Li 24S, Sr 42S), 5 MHz (Li 50S), Ω = 1 MHz,
tpulse = 20 µs

Coupling with laser field
In the next set of simulations we explore the effect of the detuning and the coupling
strength of the laser on the formation and distribution of Rydberg states. For large detuning

Ω  |∆|, the atom is weakly dressed with a small Rydberg fraction, φ ≈ 1 − Ω2 /8∆2 |gi +
Ω/2∆ |ri. If the interatomic distance is also large, only pair interactions or nearest neighbors
interactions are relevant [Hon10]. In this regime, the dynamics are determined by single
photon excitations [Sch14] of mono-excited states with transition rates γsp ∝ Ω2 /4∆2 . We
can observe the effect of these dynamics in the distribution of Rydberg excitation amplitude
in Figure 3.5. For high values of ∆/Ω only one resonance position is observed, which
correspond to singly excited states g (1) g (2) ... r(1) ... g (N −1) . The location of this resonance
4
(r0 ) fulfills the condition that the Stark shift of the Rydberg dressed,
p ∆ion = hσ̂ee i C4 /r0 ,
2
is equal to the shift due to coupling with the laser [Hon10], 0 = (∆)2 + Ωcol . From this
condition we can calculate the position of the resonance:
r0 =

hσ̂ee i C4
0

!1/4
=

hσ̂ee i C4
p
(∆)2 + Ω2col

!1/4
(3.13)
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√
Here we have used the collective Rabi frequency of the interacting atoms Ωcol = Nb Ω,
where Ω is the single atom Rabi frequency and Nb are the number of atoms within a blockade
radius [Löw12]1 . Therefore by reducing ∆ as in Figure 3.5a and thus decreasing ∆/Ω the
resonance region moves away from the ion.
After excitation of this single excited states, sequential excitations can populate states
with multiple Rydberg excited states by stepwise resonant transitions from states with m to
m + 1 Rydberg atoms [Sch14]. This can occur when the distance between the m and m + 1
atoms is rm,m+1 = (C6 /δm,m+1 (∆))1/6 where δm,m+1 (∆) is the difference in the Stark shifts
between the two atoms. This is the same principle behind facilitated excitation due to van
der Waals interactions. However, due to the low densities and the repulsive character of the
interactions in our system, the interatomic spacing is too large to allow the observation of
facilitation or these resonant transitions.
(a)

(b)

Figure 3.5: a) Radial correlation function g (2) (r) as a function of the ratio ∆/Ω. Black and red
dashed line are predictions for the position of the resonance maximum, using equation 3.13 for a
mono-excited (black) and doubly excited (red) states. b) Sections through a) for four different ∆/Ω
values. Conditions ρ = 1012 m−2 , Ω = 2 MHz, tpulse = 20 µs

When the ∆/Ω ∼ 1, the dynamics of the excitation change and collective multi-photon
transitions can take place [Hon10]. High excitation probability amplitude is observed
through more extended regions in the cloud. And as seen in previous results, these distributions shows multiple maxima and minima. These fluctuations in the spatial distribution reflect Rabi oscillations of the Rydberg amplitude. This oscillations occur with a Rabi
frequency which is spatial dependent, Ω̃ = (Ω2 + (∆I (r))2 )1/2 where ∆I (r) is the position
dependent Stark shift due the interaction with the ion. This distribution of excitations is
assymetric and it is observed mainly at distances farther away from the ion, where ∆I (r)
decreases and atoms become red-detuned with respect to the laser(Figure 3.5). Getting
closer to the ion, the ∆I (r) becomes much higher such that |∆/Ω|  1. Excitation dynamics become again dominated by single photon off-resonant transitions and therefore the
Rydberg amplitude rapidly drops down [Vit12].

1 For

a cloud in two dimensions, Nb = (C6 /Ω)2/7 ρ6/7
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Effect of dissipation on Rydberg distribution
The dynamics of ultra-cold Rydberg systems can be strongly influenced by dissipation
and dephasing processes as it has already been discussed elsewhere [SGE14; Mal14; Sch14].
Besides loss of coherence due to interaction with the environment (Section 3.1), interactions
between particles in the system can lead to additional decoherence due to line broadening
of the participating states. In the case of our system, where atoms have random positions in space, the interactions between atoms and with the ion will lead to inhomogeneous
broadening due to the spatial dependent electrostatic potentials.

Figure 3.6:

Evolution of average Rydberg probability amplitude for a cloud of atoms with no
coupling to the environment and no interactions (blue), uncoupled but with interactions (red), and
(weakly) coupled and interacting (black). Conditions ρ = 1012 m−2 , ∆ = 2 MHz, Ω = 1 MHz,
τpulse = 200 µs

We are interested in understanding how the different sources of dephasing affect the
evolution and distribution of Rydberg amplitude in our system, and in particular the effect
of van der Waals interactions and the interaction with the ion. For this we have calculated
(Figure 3.6) the evolution of a system in the weakly dissipative regime (black), a system
uncoupled to the environment (red) and a system uncoupled to environment and without
van der Waals interactions (blue). In the three cases strongly damped Rabi oscillations are
observed.
We have fitted our data using the solution to modified Bloch equations [Kos05], which
consider both decoherence due to coupling with the environment and due to interactions
within the system:
hσ̂ee i (t) =


1  −Γa t/2
Ae
− B e−Γb t cos(Ωeff t)
2

(3.14)

where A and B are two fitting parameters related to the initial amplitudes of the states
involved in the dynamics, Γa describes the decay of the Rydberg state to the environment
and Γb includes all decay sources of the system:
Γb =



1 3
5
Γa + γeg + γφ
4 2
2

(3.15)
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where γeg corresponds to the internal decay processes from the excited to the ground state,
e.g. spontaneous decay and γφ represents dephasing due to inhomogeneous broadening
which includes the broadening due to field of the ion γion , and van der Waals interactions
γvdW .
Table 3.2: Fitting parameters of time-evolution of Rydberg amplitude
System
Uncoupled, no interaction
Uncouped
Coupled

A
0.55
0.5
0.5

B
0.50
0.5
0.45

Γa [kHz]
0
0
4-6

γeg [kHz]
0
0
2.4-1.2

γφ [kHz]
90
140
140

Ωeff [kHz]
327
334
334

For the uncoupled, non-interacting system (blue) the only source of decoherence comes
from the inhomogenous Stark shift due to interaction of atoms with the ion. From the
fitted model we obtain (Table 3.2) a dephasing rate due to inhomogenous Stark shift of
γion = 90 kHz. In the case of the interacting, but uncoupled system (red), the damping
and the amplitude of the Rabi oscillations is much stronger than for the non-interacting
system. Here the weak van der Waals interactions which introduce an additional intrinsic
dephasing source to the evolving system, with a dephasing rate of γvdW = 50 kHz. We
observe that our fitting with this dephasing rate provides a good approximation to the first
∼ 50 − 60µs, however the damping of the oscillations seems overestimated for time longer
∼ 70 µs. This happens simultaneously with what appears to be a revival in the Rydberg
amplitude, which in our simple model is not taken into account. Finally, for the weakly
coupled and interacting system (black), we observe not only the reduction of the Rydberg
amplitude due to inhomogeneous broadening and van der Waals interaction, but also the
presence of additional sources of decay which reduces its convergence value, hσ̂ee i∞ . These
decay processes were introduced in our simulations by jump operators JˆΓ , Jˆγ with single
atom decay (Γ) and dephasing (γ) rates. From our fit, they contribute to additional global
decay rates γφ , Γa not present for the isolated systems. A factor ten difference is observed
between the global rates and the single-atom rates which we can partially assign to the low
average Rydberg amplitude of the atom cloud. Other processes could play also a role in this
difference, but this will require further investigation
(a)

Figure 3.7:

(b)

(c)

a) Spatial distribution of Rydberg amplitude a) with mean-field correction and b)
without. c) Corresponding radial distribution functions. Conditions: ρ = 1013 m−2 , ∆ = 600 kHz,
Ω = 1 MHz, tpulse = 10 µs, mean-field cut-off = 1 µm
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Corrections due to mean-field interactions
Finally we have calculated the Rydberg distribution by considering mean-field interactions during the excitation. During the length of the simulation (10 µs) we recalculate the
(k)
mean-field operator (ĤMF ) at intervals of 1 µs and update the system Hamiltonian. The
results (Figure 3.7) suggest that the mean-field correction does not capture the effects of
van der Waals interactions between atoms in different subsystems. Because this mean-field
operator probes only an static and local electronic state of the surrounding atoms, collective
effects between atoms in different subsystems are contemplated by this operator.

CHAPTER

Dynamics in space and
Rydberg-ion collisions
In this chapter we will develop a method to study the role of Rydberg interactions in
atom-ion experiments. The most straightforward experimental way to detect them is by
looking for ion loss due to Rydberg-ion collisions, as done by Ewald [Ewa19]. With this
goal in mind we will combine the method developed for electronic time evolution developed
in chapter 3, with methods of molecular dynamics to calculate the trajectories of atoms in
space. In order to reproduce the experimental results, we will take into account the complex
electric fields [Haz19; Wan19] of a Paul trap and an ion. In the case of the oscillating field
of the Paul trap, time dependent forces are present (Figure 4.1) which can both increase or
decrease the probability of an atom-ion collision. We will discuss the influence of collective
excitation phenomena on these collisions. Finally, we will consider the effect of decay and
dissipation for simulations with laser pulses much shorter than simulation time.
(a)

(b)

Figure 4.1: Ion (blue) and Paul trap (green) dominated force regions along the a) XY and b) ZY
planes for a time, t = 2k(Ωrf )−1 and a 24S Li atom and a distance < 10µm
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4.1

Methods for calculation of spatial dynamics: Ehrenfest
dynamics

In order to simulate collisions between atoms and ions and the spatial dynamics of the
atomic cloud, we have to calculate the position and state of the atoms throughout the timeinterval of interest. We already know how to obtain the time evolution of the electronic
state of the system, so it only remains for us to calculate the movement of the atoms and
how to combine both spatial and electronic propagations in our calculations. The first step
will be to determine the forces (F~ (~r)) dictating the spatial dynamics of the atoms, for which
we will make use of the Ehrenfest theorem and treat the atoms as point particles1 in an
electronic potential field (Uel (~r, t)). This allows us to write the following expressions:
F~ (~r, t) = − ∇~r Uel (~r, t) = − Ψ(t) ∇~r Ĥel (t) Ψ(t)
Ĥel (~r, t) =

X

−

i

αr (i) 2
σ̂ Ê (~r, t) + C6
2 ee tot

(j) (i)
X σ̂ee
σ̂ee
i6=j

6
rij

(4.1)
(4.2)

Note that we indicate explicitly here the time as a variable to remind of the time dependence of both the states and the Hamiltonian of the system. Furthermore we will assume
that the ion is fixed in space and ignore any forces acting on it. In reality, the ion experiences fluctuations from its equilibrium position due to the intrinsic oscillatory nature of
the confining potential and external perturbations [Für18; Für19]. However for the typical trapping conditions of our experiments and low ion (secular) energies (∼ 50 µK) their
amplitude is below 50 nm, which is far below the collision distance we will define in our
simulations.

4.2

Implementation and algorithms

The simulations of the electronic and spatial dynamics (Figure 4.2) is done by three
major subroutines: a) stepwise calculation of the electronic state, b) followed by gradient, forces and accelerations and finally c) that of the position and velocities of the atoms.
The simulation starts (t0 ) with all the atoms in the ground state, such that both gradients and accelerations are zero. The starting velocity of the atoms are extracted from a
Maxwell-Boltzmann distribution for an initial atomic temperature, T0 , and their positions
are sampled randomly from a sphere with radius σc .
At each of the propagation steps, the cloud states, Ψ(tn ; ~rn ), are updated by calculating
the time-evolution of a wavefunction describing the electronic state of the atoms at step tn−1
in the new position basis, {~rn }. That is, the initial wavefunction used in each calculation of
Ψ(tn ; ~rn ) is:

Ψ(tn−1 ; ~rn ) = TrHe Ψ(tn−1 ; ~rn ) ⊗ R~rn

(4.3)

where we have traced the state Ψ(tn−1 ; ~rn−1 ) over the electronic Hilbert space and projected
it onto the basis R~rn which describes the new coordinates of the atoms. For times shorter
than the length of the laser pulse (tpulse ), we solve the time dependent Schrödinger equation
1 In

~ (~
~ (h~
~ (~
this case F
r) = F
ri) = F
r)
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Figure 4.2: Subroutines used for calculation of Rydberg dynamics. a) Propagation of the atomic
electronic states, b) calculation of accelerations out of potential gradients using the Ehrenfest
theorem and c) Leap-frog algorithm for atomic positions and velocities.

and ignore dissipation to the environment or decay. For longer times we can calculate the
time evolution of the state using the Monte Carlo Wavefunction method with the decay and
dissipation rates of Table 3.1.
Next the accelerations and forces on the atoms are updated using equation 4.1. Finally
a leap-frog integrator of variable time-step [HOS99; Qui97] was chosen to calculate the new
positions and velocities. With a variable time step we can estimate more accurately the
dynamics whenever the forces on the atoms increases, e.g. when the atom-ion distances are
small.

Leap-frog integrator
Leap-frog integrators are sympletic integrators, which in contrast to other adaptive integrators [KYN91] (e.g. Runge-Kutta), conserve the energy of Hamiltonian systems. Although
the system under study is an open system with a time-dependent Hamiltonian, i.e. the total
internal energy of the system changes with time, sympletic methods are still advantageous
as they do not introduce any additional numeric dissipation to the dynamics [Qui97; Hai97].
The integrator chosen updates the atoms position once (Figure 4.2-b green) and the velocities two times in each time step (red and blue):
1
~vn+ 12 = ~v + tstep~an
2
~rn+1 = ~rn + tstep~vn+ 12

1
~vn+1 = ~vn+ 21 + tstep~an+1
2

(4.4)
(4.5)
(4.6)

The length of each time step is defined at every iteration n of the calculation. Whenever
the displacement, |∆~rn | = |~rn −~rn−1 |, is larger a than a threshold (dmax ), the time-step will
be reduced in a half. However, to increase the speed of our algorithm, the step size will only
be reduced whenever the large displacement occurs for atoms within a maximum distance
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of the ion (dion
max ). Furthermore we will use the same step size for all the atoms, although it
is in principle possible to apply an adaptive step size per atom [Qui97].

Simulation parameters
In the following simulations, we have started with an cloud size with an homogeneous
density and a spherical shape with a radius of σc = 7.5 µm. We assume that for this small
cloud size, the gaussian distribution of atoms in the real system can be ignored. Furthermore,
for increasing distances from the ion (Figure 4.1), forces tend to pull the atoms away, which
means that this atoms will unlikely collide with the ion. And last but not least, limiting
the size of our system will reduce the simulation time, which for the number of atoms in
our system (∼ 42) is already quite prolonged. For the same purpose, we have limited the
smallest time step of our simulations to 50 ns. Finally, we have defined a collision threshold,
such that a collision occurs whenever the distance between atom and ion is below ∼ 200
nm following the model used in [Ewa19]. The other parameters used in the simulations are
listed in Table 4.1.
Table 4.1: Parameters of atomic cloud, excitation laser, Paul trap and Leap-Frog integrator
used for the simulations
Parameter
Atomic cloud
Rydberg state
density, ρ0
cloud radius, σc
cloud temperature, T0
Rydberg laser
pulse length, tpulse
two-photon Rabi frequency, Ω
detuning, ∆
Paul trap
drive frequency, Ωrf
axial frequency, ωz
radial q parameter, qx
Leap-frog integrator
initial time step, tstep,0
minimum time step, tmin
distance threshold, dion
max
maximum displacement, dmax

4.3

Value

Comment

Li 24S
2.5×1016 m−3
7.5 µm
15 µK

Obtained from [Ewa19]
Obtained from [Ewa19]
Obtained from [Ewa19]

20 µs
1 MHz

Obtained from [Ewa19]
Obtained from [Ewa19]

2π MHz
2π×27 kHz
0.219

Obtained from [Ewa19]
Obtained from [Ewa19]
Obtained from [Ewa19]

200 ns
50 ns
5 µm
100 nm

∼ size of Li 24S atom

Results

Atomic propagation and evolution of excitation
We start by analyzing the trajectories of the atoms during our simulations, as these
provide us a good visual confirmation that the calculations reproduce the behavior we
would intuitively expect. Furthermore, they will help us to identify some first issues and
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limitations in our models and simulations. We use as example the dynamics for low detuning
frequencies, as the Rydberg amplitude is more widespread through the atomic cloud, which
allows us to observe the effects of electric fields at different distances from the ion.
(a)

(b)

Figure 4.3:

a) Evolution of distance of atoms in atom cloud from ion. Plot color indicates
Rydberg amplitude of atom. b) Partial trajectory and force vectors acting on one individual atom.
Parameters of simulation: ∆ = 3 MHz (a), 1 MHz (b)

First, we want to determine if effectively Rydberg atoms and ions interact in our simulations and if this interactions lead to collisions. For example, we see in Figure 4.3a the
trajectories of all 42 atoms in the atom cloud within one simulation, where we have projected their three dimensional coordinates into a one dimensional distance (r) from the ion.
Ground state atoms (red square) show no acceleration and move at a constant velocity, as
they do not interact with any of the fields present. On the contrary, atoms which become
resonant and acquire a high Rydberg amplitude are strongly pulled inwards towards the ion.
In some cases, multiple atoms (red triangle) are attracted simultaneously towards the ion,
which should eventually result in a collision taking place. However, due to the finite step
used in our leap-frog integrator, atoms can “tunnel” through the collision region around the
ion and are then pushed away (red circles) due to the very high forces calculated in the
previous integrator step. Shorter time steps can be used to increase the accuracy of the
detection of collisions, but this can significantly increase simulation times. An alternative
is to implement a method to detect this “tunneling” events and use them also as trigger of
a collision.
Second, we want to verify if the effect of the Paul trap in our simulations can be observed.
For this we have singled out one atom located at position where the trap field should
dominate (see Figure 4.1) and plotted a section of its trajectory (Figure 4.3b). Here we
can clearly observe both the oscillation of the Rydberg amplitude of the atom, and the
magnitude and direction of the forces. The oscillation in the forces definitively show the
time-dependant character of the electric field of the Paul trap.
Finally, an additional of the validation of our simulations is the observation of Rabi
oscillations with an amplitude and frequency depending on the distance from the ion. The
frequencies of these oscillations are between 300-500 kHz, which corresponds roughly to the
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generalized Rabi frequency Ω̃ = (Ω2 + (U (r))2 )1/2 , where U (r) is the potential energy due
to the interaction with the electric fields.

Collision statistics
Next, we will discuss the collisions results with the goal of understanding the processes
which can lead to ion-loss and their dependance on the experimental parameters. In these
simulations we have scanned the laser detuning between 1 and 22 MHz and performed 12 to
15 repetitions per value. The results were also obtained from simulations with a maximum
propagation time of 10-11 µs, due to technical limitations in the code. However, as we will
discuss later many of the relevant phenomena has been detected for shorter times, and some
of the processes occurring at longer times can be also understood from the current results.

Figure 4.4: a) Collisions time histograms for different laser detuning obtained from 12-14 simulations per value, b) Number of collisions in function of detuning

We first start by showing in Figure 4.4 the number of collisions (Ncol ) and collision times
(τcol ). We observe that the total number (Figure 4.4) decreases at high detunings, while a
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maximum is observed at 6 MHz. Two factors will play a role in determining these numbers:
the number of Rydberg atoms in the region where the ion dominates (Rion ) the interaction
and the second is reduction of the Rydberg amplitude of the atoms as they approach the
ion. A high number of the first one will increase the possibility of a collision, while a low
Rydberg amplitude or decay to the ground state will reduce the attractive interaction with
ion and limit the attractive atom-ion forces. To estimate the first factor we can calculate
the probability that an atom inside Rion is on a Rydberg state:


Z
N D
E2
X
(i)

σ̂ee
(t, ∆) δ(~r − ~ri ) d~r
2

hσ̂ee i (t, ∆) =

Rion

i=1

Z

N (~r) d~r

(4.7)

Rion

where we sum all Rydberg atomic probability in the time-dependent ion dominated region
Rion and normalize by the number of atoms in this region. We can simplify this calculation
by averaging this value over one oscillation period of the Paul trap field, t = 0 → t = 2π/Ω,
where the Rion becomes approximately a sphere of radius r∗ ∼ 10 µm. This allows us to
simplify eq. 4.7 to:


Z 2π/Ω Z r∗ X
N D
E2
(i)

σ̂ee
(t, ∆) δ(r − ri ) dr dt
2

hσ̂ee i (∆) ≈

0

0

i=1

Z

N (r) dr

0

Z
0

(4.8)

r∗



N D
τcol
E
X
(i)

σ̂ee
(t, ∆)  dt

hσ̂ee i(∆) ≈

Z
0

i=1
τcol

(4.9)
NR (t, ∆) dt

As the Rydberg atoms approach the ion, the detuning with respect to the excitation
frequency will increase and therefore the maximum Rydberg amplitude will be reduced.
We can estimate this reduction by extracting from the simulations the average Rydberg
probability of atoms in proximity to the ion, for example for atoms k within the collision
radius of the ion:
(k)

hσ̂ee i =

Ncol
1 X
(k)
hσ̂ee
i
Ncol

(4.10)

k=1

In Figure 4.5 we can observe the calculated values of eq. 4.7 and the average Rydberg
2
atomic amplitude of the colliding atoms. Here can observe that the value of hσ̂ee i decreases
from a maximum at low detunings and becomes almost zero for values above 18 MHz.
This is in agreement with the increased localization of the Rydberg excitation and the shift
towards shorter distances from the ion, as we have seen previously in Figure 3.5. At this
shorter distances the total number of atoms decreases, which reduces the probability of
finding atoms in Rydberg state. The Rydberg atomic probability of the colliding (Figure
4.5b) tells us that for intermediate detunings between 6-8 MHz, the Rydberg character of
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atoms approaching the ion is the highest. The combination of this maximum with the higher
2
values of hσ̂ee i at low detunings, can help us understand, at least on qualitative basis, the
maximum value of the collision number at 6 MHz.
(a)

(b)

Figure 4.5: a) Average atomic Rydberg probability for atoms in the atom cloud and b) of atoms
colliding with a ion

Second, to discuss the effect of the detuning on the collision times, we have plotted the
averages and minimum times in Figure 4.6. The minimum collision time shown corresponds
to the collision events occurring for atoms excited into the Rydberg state at the resonance
maximum lying closer to the ion. At high detunings these maxima are located closer to
the ion, and therefore the collision time between atom and ion will be reduced. However
if no collision occurs due to these atoms, further located atoms can move closer to the ion,
where they become resonant and acquire Rydberg amplitude. These new Rydberg atoms
will interact with the ion and can result in a collision. These collisions lead to the spread of
values observed in Figure 4.6, as they require longer time to occur. Although our simulations
were limited to maximum time of ∼ 11 µs, we can expect that any other collision occurring
at longer times should follow the same mechanism we have just described.

Figure 4.6: Average (blue) and minimum (red) collision times (τcol ) in function of detuning
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Ion-loss probability
One of the main goals of our simulations is to calculate the spectrum for the ion loss
probability. With the information of previous section, this can be easily calculated if we
assume that the ion loss probability is determined only by the time-dependent probability
of a collision (PC ) and the probability of charge transfer per collision (PCT ):
Pion
loss (t, ∆) = β(∆) PCT (∆) PC (t, ∆)

(4.11)

where β(∆) = Ncol /Nsim corrects for the success rate of detecting a collision in our simulations. The charge-transfer probability is obtained from the probability of an atom of being
in a Rydberg state upon collision [Ost95] which we have calculated in previous section (eq.
4.10) and the collision probability can be calculated from the collision times:
PC (t, ∆) = 1 − e−t/τcol (∆)

(4.12)

For times t  τcol , we have that PC (t, ∆) → 1, therefore we can simplify equation 4.11 as
follows:
(k)

2
Pion
loss (∆) ≈ β(∆) PCT (∆) = β(∆) hσ̂ee i

(4.13)

Figure 4.7: Average ion-loss probability obtained from 15 repetitions
This means that our calculated ion-loss spectra in Figure 4.7 is equivalent to Figure
4.5b times the correction factor β(∆). We can compare these results with the experimental
measurements and classical simulations published recently in our group [Ewa19]. There a
resonance on the ion-loss spectra is observed at lower detuning values than the resonance
observed in our simulations. This could be an indication that in our simulations the ion-loss
is underestimated at lower detunings, which can be explained if finite-size effects play a role
in the simulation. In other words, ignoring atoms located further away the cut-off cloud
radius (σ = 7.5 µm) introduces an error in the calculation of the Rydberg amplitudes. This

34

CHAPTER 4. DYNAMICS IN SPACE AND RYDBERG-ION COLLISIONS

is a valid assumption when we consider that the Rydberg amplitude can extend beyond the
chosen cut-off radius (Figure 3.1).
To verify this hypothesis, we could increase the cut-off cloud radius to consider atoms
at longer distances. Or as an alternative, we can repeat the calculations considering only
one-atom dynamics, where the electronic state evolution is calculated only for single-atom
states. In this way, the electronic state of atoms approaching the ion should be independent
of any other atoms in the cloud. The results of these calculations are shown in Table
4.2, where we compare the Rydberg probability and collision times of the current results
with ones for single-atom states. The calculations were only done for low detuning values,
where the deviation is expected to be the largest. We can indeed observe that the Rydberg
probability of the colliding atoms is lower when we ignore collective effects during excitation.
That is, the ion-loss probability is reduced for the calculations with single-atom states. We
can conclude then that atoms located at larger distances could indeed affect the Rydberg
amplitude of atoms approaching the ion and as a consequence the ion-loss probability. This
explains the underestimation of the ion-loss probability of our calculations for low detuning
values. A next would be then to optimize our simulations to allow this type of calculations
for atomic clouds with a higher number of particles.
Table 4.2: Comparison of collision times and amplitudes for propagation with single-atom and
many-atom states

Many-atom †

Single-atom
∆ [MHz]
1
3
5
*
†

τcol [µs]*
4.41 ± 0.44 (3.38)
3.33 ± 0.42 (2.8)
3.39 ± 1.66 (2.05)

(k)
hσ̂ee i2

0.025 ± 0.034
0.082 ± 0.11
0.34 ± 0.36

Minimum collision times in parenthesis
As in Figures 4.6, 4.5

τcol [µs]*
5.1 ± 1.01 (3.89)
3.83 ± 1.58 (2.59)
3.54 ± 1.38 (2.49)

(k)

hσ̂ee i2
0.072 ± 0.067
0.26 ± 0.23
0.27 ± 0.28

CHAPTER

Summary and outlook
In this work we have done a numerical study the effect of van der Waals interaction
and collective excitation processes in the interaction between Rydberg atoms and ions. We
have been able to partially reproduce the experimental ion loss spectra. Our results match
the observed behaviors for large red-detunings, however they underestimate the ion-loss
probability is underestimated for low detunings. We suggest that effects of the finite system
size in the collective atom excitation are responsible of these lower values. However, the error
of our results have to be minimized to be make more a more conclusive statement about
the quality of our simulations. Additionally, we have observed reduction of the Rydberg
amplitude for resonant excitation while its increase in the off-resonant, both an evidence
of collective processes. In particular, the appearance of Rydberg amplitude maxima at
off-resonant regions can be considered a manifestation of facilitated excitation.
To verify some of these observations experimentally, we will require methods to resolve
the spatial distribution of Rydberg and methods to monitor ions with micro-second timeresolution. Regarding the first ones, optical techniques [Gün12; Tau10] to directly image
atoms, indirect detection via field-ionization [SSR11] or photo-ionization [Bij15; Eng18;
Ste17] to detect ions derived from Rydberg atoms could be used. Although the methods
by Schwarzkopf [SSR11] and Stecker [Ste17] fullfil the resolution needed to resolve the spatial features of our predicted distributions, they can introduce unwanted distortion on the
confining potential of the ion or require complex ion optics incompatible with our setup.
An alternative is to deduce the distribution of Rydberg atoms from their position dependent Stark shift. For example, deexcitation spectroscopy [Sim17] could be used to measure
the different excitation maxima as ech peak corresponds to different transition frequency
detunings. A requirement for this method is to find a short lived lower excited state which
can be populated directly from the Rydberg state by stimulated emission. This state could
be the same as the intermediate stated used during the two-photon excitation of the atoms
(Figure2.4). Another possibility consists on co-trapping Li+ after photoionization of corresponding Rydberg atoms. This could be realized using a Paul trap with multiple RF
frequencies [TF16] to trap simultaneously these ions with Yb+ ions and use the fluorescence
of Yb+ for the detection of the dark Li+ ions. This technique has the advantage of being
very sensitive to low number of ions and therefore to the limited number of Rydberg atoms
excited at the typical densities of our current experiments.
35
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To detect ions with microsecond resolution we will need, either methods measuring
directly the ion or indirect ones based on some system observable which depends on the
presence of the ion. Direct fluorescent imaging of the ion position are unfortunately to slow
[Für19] to detect ion-loss with the required speed. Instead of relying on the measurement of
ion loss, an idea would to detect the effect of the approaching Rydberg atom on the motion
of the ion. The force of the atom on the ion will displace the later from its equilibrium
position and induce micromotion oscillations. This could be dectected by measuring the
line broadening [Für19] or resolving motional sidebands [Kel15] of an electronic transition
of the ion. These spectra would need to be collected however with microsecond speeds.
Indirect methods could be based on the change of the Rydberg population after ion loss.
Electromagnetic induced transparency (EIT) has been used for time-resolved measurements
of Rydberg populations [Kar15; Gün12] in low atomic and optical density clouds. Although
it remains to be seen what the effect of the ion and Paul trap fields are on the EIT signal.
Finally, although this method has been tested for a single ion fixed in space, it could be
extended to take into account multiple ions and their phonons inside the confining potential
of the Paul trap. This could be exploited, for example, to study the effect of Rydberg atoms
in the phonon modes of ion crystals and the entanglement of the internal states of the atom
with the vibrations of the ions [Sec16].

APPENDIX

Supplementary information
A.1

Exact electronic propagation

(a)

(b)

Figure A.1:

a) Evolution of Rydberg amplitude averaged over 20 different simulations. The
sampling of the subgroups was randomized from the same spatial distribution of atoms (orange)
or from different inital spatial distributions (blue). b) Effect of subsystem size in the Rydeberg
amplitude for an initial cloud with exactly 16 atoms.

To evaluate the effect of the random generator of positions of the atom cloud and of
the random selection of atoms for the subsystems, we have calculated the evolution of the
Rydberg amplitude for 20 atomic clouds (Figure A.1a). Half of them had random atomic
positions (blue) and the other half the same atomic distribution (orange), while the group
sampling was kept random. We see only some slight increase of variability due to the random
initial atom coordinates as would be expected. Furthermore, these small variabilities gives
us also an indication of the reliability of the results from one only simulation run.
We have also calculated exactly the evolution of the electronic state of a 1D cloud
containing 16 atoms, that is the state of our system described the complete 16 atoms in
a Hilbert space of size 216 . We compare this evolution of the same system subdivided
in states containing 8 and 4 atoms (Figure A.1b). As described in the main text, the
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excitation amplitude is lower as the size of the states increases, confirming the effect of
collective processes during excitation.

A.2

Energy evolution

To diagnose the spatial dynamics and the Leap-Frog integrator, we have calculated the
change total potential (Ut ) and kinetic (Kt ) of the system during one simulation. Figure
A.2a shows the energy evolution for a series of simulations leading to a collision, with the
dashed lines representing individual repetitions and the thick line their average. The increase
in potential energy is initially larger than of the kinetic energy, reflecting the increasing
interaction energy between the electric fields and the growing Rydberg excitation of the
atomic cloud. A sudden jump in Kt at the end of the simulation reflects the increase of
kinetic energy of the atom colliding with the ion. We can also observe the change in kinetic
energy if Figure A.2b where the distribution of the initial and final atomic speeds for one
simulation are shown. The distribution shows a clear shift towards higher speed, and in
particular some atoms moving more than 4 times faster than the initial average system
temperature.
(a)

(b)

Figure A.2: a) Total kinetic and potential energy during the calculations of dynamics. b) Distribution of speeds at start and end of one representative simulation. Parameters: ∆ = 1 Mhz (a), 3
MHz (b)
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